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Exercise 4

A vector v has components

vi =
3∑

j=1

αijxj

with αij = αji and
∑3

i=1 αii = 0; the αij are constants. Evaluate (∇ · v), [∇× v], ∇v, (∇v)†, and
[∇ · vv]. (Hint : In connection with evaluating [∇× v], see Exercise 5 in §A.2.)

Solution

Evaluate the divergence of v.

∇ · v =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

 =
3∑

i=1

3∑
j=1

(δi · δj)
∂vj
∂xi

=
3∑

i=1

3∑
j=1

δij
∂vj
∂xi

=
3∑

i=1

∂vi
∂xi

=
3∑

i=1

∂

∂xi

 3∑
j=1

αijxj

 =
3∑

i=1

3∑
j=1

αij
∂xj
∂xi

=
3∑

i=1

3∑
j=1

αijδij =
3∑

i=1

αii = 0

Evaluate the curl of v.

∇× v =

(
3∑

i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjvj

 =

3∑
i=1

3∑
j=1

(δi × δj)
∂vj
∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂vj
∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂xi

(
3∑

l=1

αjlxl

)
=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δkεijkαjl
∂xl
∂xi

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δkεijkαjlδli =
3∑

i=1

3∑
j=1

3∑
k=1

δkεijkαji =
3∑

i=1

3∑
j=1

3∑
k=1

δkεijkαij

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεkijαij =

3∑
k=1

δk

 3∑
i=1

3∑
j=1

εkijαij

 =

3∑
k=1

δk(0) = 0,

where the double sum in parentheses is 0 as a result of Exercise 5 in §A.2. Evaluate the gradient
of v now.

∇v =

(
3∑

i=1

δi
∂

∂xi

) 3∑
j=1

δjvj

 =
3∑

i=1

3∑
j=1

δiδj
∂vj
∂xi

=

3∑
i=1

3∑
j=1

δiδj
∂

∂xi

(
3∑

k=1

αjkxk

)

=
3∑

i=1

3∑
j=1

3∑
k=1

δiδjαjk
∂xk
∂xi

=
3∑

i=1

3∑
j=1

3∑
k=1

δiδjαjkδki =

3∑
i=1

3∑
j=1

δiδjαji =

3∑
i=1

3∑
j=1

δiδjαij = α,

where α is a second-order tensor with αij for the components. Since αij = αji, this tensor is
symmetric. Taking the transpose of ∇v therefore does not change the result.

(∇v)† = (α)† = α
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Evaluate the divergence of the dyadic product vv.

∇ · vv =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjvj

( 3∑
k=1

δkvk

)
=

3∑
i=1

3∑
j=1

3∑
k=1

(δi · δj)δk
∂

∂xi
(vjvk)

=
3∑

i=1

3∑
j=1

3∑
k=1

δijδk
∂

∂xi
(vjvk) =

3∑
j=1

3∑
k=1

δk
∂

∂xj
(vjvk)

=

3∑
j=1

3∑
k=1

δk
∂

∂xj

[(
3∑

l=1

αjlxl

)(
3∑

m=1

αkmxm

)]
=

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δkαjlαkm
∂

∂xj
(xlxm)

=
3∑

j=1

3∑
k=1

3∑
l=1

3∑
m=1

δkαjlαkm

(
∂xl
∂xj

xm + xl
∂xm
∂xj

)
=

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δkαjlαkm(δljxm + xlδmj)

=

3∑
k=1

δk

 3∑
j=1

3∑
l=1

3∑
m=1

αjlαkm(δljxm + xlδmj)


=

3∑
k=1

δk

 3∑
j=1

3∑
l=1

3∑
m=1

αjlαkmδljxm +

3∑
j=1

3∑
l=1

3∑
m=1

αjlαkmxlδmj


=

3∑
k=1

δk

 3∑
j=1

3∑
m=1

αjjαkmxm +

3∑
j=1

3∑
l=1

αjlαkjxl


=

3∑
k=1

δk

 3∑
j=1

αjj

 3∑
m=1

αkmxm +
3∑

j=1

3∑
l=1

αjlαkjxl


=

3∑
k=1

δk

(0) 3∑
m=1

αkmxm +
3∑

j=1

3∑
l=1

αjlαkjxl


=

3∑
k=1

δk

 3∑
j=1

3∑
l=1

αjlαkjxl


We thus have a vector whose k-component is given by the double sum in parentheses.
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